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■ Activity time estimates usually cannot be made with certainty. 

■ PERT used for probabilistic activity times. 

■ In PERT, three time estimates are used: most likely time (m), the 

optimistic time (a), and the pessimistic time (b). 

■ These provide an estimate of the mean and variance of a beta 

distribution: 
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Three-Point Method 
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Start

Compute the expected activity times 

& Variances
Step 1

Determine the earliest/latest activity 

times & Slack
Step 2

Determine the Probability that the 

Project will be completed

Step 3

End

Identify the critical path

Compute expected  completion time 

& Variance

Step 4

Probability Analysis Process 
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House Building project data 
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No 
Time estimation (mo) 

Time t Variant V 
a m b 

 1. Design house & 

Obtain financing 2 3 4 3 1/9* 

2.   Lay foundation 1 2 3 2 1/9* 

3.   Order Materials 0.5 1 1.5 1 1/36 

4.   Build house  2 3 4 3 1/9* 

5.   Select paint  0.5 1 1.5 1 1/36 

6.   Select carpet 0.5 1 1.5 1 1/36 

7.   Finish work 0.5 1 1.5 1 1/36* 

Table 3.1. Activity Time Estimates 



Probabilistic Activity Times 

Figure 3.1. Activity Slack 

Critical path: 1- 2 – 4 -7 
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Expected Project Time and Variance 

■Expected project time is the sum of the expected times of the 

critical path activities. 

■Project variance is the sum of the critical path activities’ variances 

■The expected project time is assumed to be normally distributed 

(based on central limit theorem). 

■ In example, expected project time (tp) and variance (vp) interpreted 

as the mean () and variance (2) of a normal distribution: 

Probabilistic Activity Times 
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Critical Path Activity Variance 

1 1/9 

2 1/9 

4 1/9 

7 1/36 

 = 9 Month 

2 = 13/36  (Month)2 



Probability Analysis of a Project Network 

Figure 3.2. Normal Distribution of Network Duration 
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9 months 

■ The normal distribution, 

probabilities are determined 

by computing standard 

deviations value (Z). 

■ The Z value is used to find 

corresponding probability. 



 What is the probability that the new order processing system will 

be ready by 10 months? 

  µ = 9 months 

    2 = 0.36    = 0.6 months 

    Z = (x-)/ = (10 -9)/0.6 = 1.67 

 Z  value of 1.67 corresponds to probability of 0.9525 in Table 3.2. 

Probability of completing project in 10 months or less = 0.9525. 

Probability Analysis of a Project Network 
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Probability Analysis of a Project Network 

Table 3.2 
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Probability Analysis of a Project Network 

Figure 3.3. Probability the Network will be completed in 10 months or 

less 
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9 

10 months 

10 months) 

months 



■ A customer will trade elsewhere if the new ordering system is 

not working within 8 months. What is the probability that she 

will be retained? 

   Z = (8 - 9)/0.6 = - 1.67 

■ Z value of 1.67 (ignore negative) corresponds to probability 

of .9525 in Table 3.2. 

■ Probability that customer will be retained is .0475 

Probability Analysis of a Project Network 
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Probability Analysis of a Project Network 

Figure 3.4. Probability the Network will be completed in 8 months 

or less. 
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8 months) = .0475 

.4525 

9 

months months 

8 



■ Project duration can be reduced by assigning more resources 

to project activities. 

■ However, doing this increases project cost. 

■ Decision is based on analysis of trade-off  between time and 

cost. 

■ Project crashing is a method for shortening project duration 

by reducing one or more critical activities to a time less than 

normal activity time. 

Project Crashing 
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Start

Collecting dataStep 1

1. Normal cost

2. Cash cost

3. Cash time 

Prepare dataStep 2

4. Determining Critical Path

5. Allowable Cash time

6. Cash cost per time

Implement CashingStep 3

7. Cashing based on Required

8. Drawing Critical Path 

Subgraph 

End

Cashing Process 



Project Crashing 

Figure 3.5. The Project Network for Building a house 
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Project network (week) 



Project Crashing 
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Prepare data 



Project Crashing 

Figure 3.6 

Crash cost & crash time have a linear relationship: 

  $2000

  5 

$400 /

Total Crash Cost

Total Crash Time weeks

wk
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Project Crashing 

 Critical path: 1 – 2 – 4 - 7 
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Prepare data 



Figure 3.7. Network with weekly crashing costs 

Project Crashing 

3-20 



Project Crashing 

3-21 

1 

2 

4 

7 

C1 = $400 

C2 = $500 

C4 = $7.000 

C7 = $7.000 

Critical Path: {1},{2},{4},{7} 

Minimum cost activiti: {1} 

Critical Path Subgraph (Gcp) 

Cashing required 

1. Cashing in Critical path activities 

2. In Alowable cash time 

3. Minimum cost activity 
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Project 

time 

Period 

cost 
Cum. 

cost 
Act. 1 2 3 4 5 6 7 

36 0 0               

35 400 400 1             

34 400 800 2             

33 400 1200 3             

32 400 1600 4             

31 400 2000 5             

30 500 2500 5 1           

29 500 3000 5 2           

28 500 3500 5 3           

27 7000 10500 5 3   1       

26 7000 17500 5 3   2       

25 7000 24500 5 3   3       

24 7000 31500 5 3   3     1 

Implement Cashing 
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Activity 
Prioritie

s 

Normal 

time 

(weeks) 

Cach 

time 

(weeks) 

Normal 

Cost 

Cash 

Cost 

Allowab

le Cash 

time 

Cask 

Cost per 

Week 

1 - 3 1 120 100 2 $10 

2 1 2 1 60 56 1 $4 

3 1 3 1 80 72 2 $4 

4 2, 3 2 1 120 110 1 $10 

Project data 

C1 = $10 

1 

3 

2 

2 

3 

3 

4 

2 
C3 = $4 

C2 = $4 

C4 = $10 

Net work 
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S = 1
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Critical Path 
Critical Path: 1 - 3 - 4 

1 

3 

4 

C1 = $10 

C3 = $4 

C4 = $10 

Minimum cost activiti: {3} 
Critical Path Subgraph (Gcp) 
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0 3
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Activiti 2

3 5

2 3 5

3

Activiti 3

5 7

2 5 7

4

Activiti 4

S = 0

S = 0

S = 0

S = 0

Critical Path Critical Path: 1 – {2,3} - 4 

1 

3 

2 

4 

C1 = $10 

C3 = $4 

C4 = $10 

C2 = $4 Minimum cost activiti: {2,3} 
Critical Path Subgraph 



Problem Statement and Data   

Given this network and the data on the following slide, determine the 

expected project completion time and variance, and the probability 

that the project will be completed in 26 days or less. 

Example Problem  
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Example Problem 

Problem Statement and Data  
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Example Problem 

Solution 

Step 1: Compute the expected activity times and variances. 
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Example Problem 

Step 2: Determine the earliest and latest activity times & slacks 

3-29 



Example Problem 

Step 3: Identify the critical path and compute expected   

completion time and variance. 

 Critical path (activities with no slack):  1  3  5  7 

 Expected project completion time: tp = 9+5+6+4 = 24 days 

 Variance:  vp = 4 + 4/9 + 4/9 + 1/9 = 5 (days)2 
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Example Problem 

Step 4: Determine the Probability that the Project Will be      

Completed in 28 days or less (µ = 24,  = 5) 

Z = (x - )/ = (28 -24)/5 = 1.79 

Corresponding probability from Table 3.2, is .9633 and P(x  28) 

= 0.9633. 

3-31 



Home work 
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Precedence  Relationships Chart 

Activity
Immediate 

predecessor
Optimistic Most Likely Pessimistic

A - 76 86 120

B A 12 15 18

C B 4 5 6

D G 15 18 33

E D 18 21 24

F A 16 26 30

G C, F 10 13 22

H D 24 28 32

I A 22 27 50

J D, I 38 43 60

a. Find Critical Path? 

b. Percentage of that we finish the project longer than mean-time 2 units? 



Home work 
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Activity 
Immediate 

predecessor 

Time (week) Cost (mil.$) 

Normal time Crash time Normal cost Crash cost 

A - 6 3 100 200 

B A 7 4 50 80 

C A 2 1 150 180 

D A 5 3 200 250 

E B,C 7 3 20 40 

F B,C,D 5 4 20 40 

G C,D 5 4 60 80 

H E,F,G 3 2 30 60 

Information of a project as follows 

a.Drawing AON project network, find critical path and time to 

complete the project? 

b. Calculate the cost for project implementation in normal time 

and when crashing 5 weeks? 


